Abstract: A novel group delay dispersion (GDD) measurement from a spectral interferogram is presented. Based on the cubic phase function (CPF) of the interference term, the GDD can be directly read from the ridge of CPF without phase retrieval and numerical differentiation operation. The proposed method is applied to measure the GDD and chromatic dispersion difference (CDD) of a polarization-maintaining fiber. The experimental results are unambiguous and insensitive to the filter choice of interference term calculation. GDD measurement can reach a resolution of 1 fs 2 , with a processing time of 25 s for 1001 wavelength points, and CDD measuring deviation is less than 0.5 fs=ðkm Á nmÞ around the center wavelength. The method is expected to be suitable for processing all spectral interferograms with polynomial phases.
Introduction
Chromatic dispersion of optical fibers and photonic devices is an important characteristic in optical transmission systems [1] , distributed fiber-optic sensors [2] , and characterization of ultrashort optical pulses [3] , [4] . Spectral interferometry [5] - [8] based on the use of broadband source in combination with a standard Michelson or a Mach-Zehnder interferometer is considered as an effective tool to evaluate the dispersion features of transparent materials. In spectral interferometry, interference fringes are recorded by an optical spectrum analyzer (OSA), with a period inversely proportional to the optical path difference (OPD) between the two beams. The dispersion features are loaded on the spectral phase, and can be resolved from one spectral interferogram.
Prevalent methods measure the group delay dispersion (GDD) by taking a second-order differentiation of the relative phase with respect to the optical angular frequency [6] , [7] . For regular dispersion materials, the numerical errors caused by straightforward numerical differentiation can be suppressed by a previous polynomial curve fitting to the relative phase [6] - [8] . However, the phase is still prone to noise, which is vulnerable to the parameters in the phase retrieval algorithms, such as the filter width in the Fourier-transform (FT) technique [9] , the window width in the windowed Fourier-transform (WFT) technique [10] and the wavelet parameters in the wavelet-transform (WT) technique [11] . Consequently, the quadratic and higher-order coefficients of the fitting polynomial, which are proportional to the GDD, are also vulnerable. Deng et al. introduced a group delay (GD) measurement technique from the ridge of the Gabor WT [12] , but an additional differentiation is necessary to calculate the GDD. The results were proved to be sensitive to the shaping factor of the Gabor wavelet [13] .
In this paper, a GDD measurement method to process spectral interferogram without phase retrieval and differentiation operation is introduced for the first time. This data processing method is based on calculating the cubic phase function (CPF) of the interference term. The method is applied to measure the differential GDD between the two polarization modes in polarization maintaining fiber (PMF). The chromatic dispersion difference (CDD) of PMF can be further determined from the GDD. The feasibility of the method was confirmed in processing experimental data of a PMF.
Theory of GDD Measurement
Generally, PMF can be regarded as a fiber supporting two polarization eigenmodes. Our measurement principle is based on the interference of the two polarization modes. Consider a schematic diagram of spectral interferometry shown as Fig. 1 , linear polarized broadband light is coupled into a PMF under test. If polarization coupling occurs at the input of the PMF, two modes will be both excited at the input of the PMF and propagate through the fiber with different group velocities.
An analyzer is placed at the output of the PMF to make sure that the two light beams can be projected to a same polarization direction and interfere with each other. The interferogram is detected with an OSA. A tandem Michelson interferometer between the analyzer and the OSA is configured to compensate the OPD produced in the PMF. Theoretically, the output spectral interferogram recorded by OSA is [14] 
where ! is the optical angular frequency; h is wavelength-independent polarization coupling parameter; I 0 ð!Þ and h Á l 0 ð!Þ are spectral intensity of the two eigenmodes in PMF, respectively; and 'ð!Þ is the relative phase which contains the entire dispersive properties of PMF. The relative phase can be expressed as [14] ' where Áð!Þ is the differential propagation constant of the PMF, defined as the propagation constant difference of the two eigenmodes, l is the fiber length, Ád is the OPD between the two arms of Michelson interferometer, and c is the velocity of light in vacuum. As the Michelson interferometer is non-dispersive, the GDD of PMF can be obtained by taking a second-order differentiation of (2), calculated as
The relative phase 'ð!Þ can be retrieved from the interferogram via FT technique [9] . Firstly, interferogram is converted from frequency domain to time domain by calculating the Fourier transform of the interferogram. The interferogram in time domain is composed of three peaks, that the non-interference term I 0 ð!Þ þ h Á I 0 ð!Þ gives a peak centered at t ¼ 0, while the two interference terms ffiffiffi h p Á I 0 ð!Þ Á expði'ð!ÞÞ and ffiffiffi h p Á I 0 ð!Þ Á expðÀi'ð!ÞÞ give two peaks shifted to t ¼ Át PMF À Ád =c (Át PMF is the differential GD between the two modes in PMF) and t ¼ Ád =c À Át PMF , respectively. Numerically, one of the two shifted peaks can be filtered and transformed back into the frequency domain. Thus, one of the two interference terms is obtained. The relative phase can then be calculated as the argument of obtained interference term.
A third-order polynomial curve fitting is applied to the relative phase [14] , and then the GDD can be obtained by taking a second-order differentiation of the polynomial. With different filters adopted in time domain, the retrieved phases are consistent and errorless. However, after a second-order differentiation, these errors will enlarge seriously, which lead to calculated GDD that is both ambiguous and imprecise.
As mentioned above, Fourier Transform is an integral transform that converts frequency domain to time domain. The time domain actually refers to the GD domain, that is to say, every peak in the time domain represents a GD component existing in the interference field. Correspondingly, CPF is an integral transform that converts frequency domain to GDD domain [15] . The GDD can be directly obtained by applying the CPF to interference term and searching the ridge of the CPF.
Assume that I 0 ð!Þ is the broadband source spectrum and has a Gaussian shape expressed as exp½Àð! À ! 0 Þ 2 =ð2Á! 2 Þ, where ! 0 is central frequency and Á! is the width parameter. The differential propagation constant Áð!Þ is expanded in a Taylor series to the third order around the center frequency [6] 
where Á ðiÞ ð! 0 Þ is the ith derivative of Áð!Þ with respect to ! at ! ¼ ! 0 . The relative phase can then be represented as
The GDD of PMF is Á ð2Þ ð! 0 Þl þ Á ð3Þ ð! 0 Þlð! À ! 0 Þ. Thus, the interference term is equal to a cubic phase signal with Gaussian amplitude modulation
The CPF of interference term Ið!Þ can take the following definition [15] :
where T is an indicator in the GDD domain, and its dimension is second 2 ðs 2 Þ. Substituting (5) into (6) yields
The modulus of CPF is maximized when T ¼ Á ð2Þ ð! 0 Þl þ Á ð3Þ ð! 0 Þlð! À ! 0 Þ, that is exactly the GDD. Therefore, the GDD with respect to ! can be directly read from the ridge of the CPF magnitude, written as
In fact, CPF is not the only algorithm to directly evaluate the second-order differentiation of the signal phase without phase retrieval, but CPF naturally shows more robustness than the rival algorithms (polynomial Wigner-Ville distributions etc.) [15] , this is why we adopt CPF instead of the rival algorithm. The CDD ÁDð!Þ can then be calculated by the following [14] :
Because CPF is a bilinear transform [16] , CPF cannot be directly applied to the interferogram instead of the interference term. The interference term still need to be calculated by FT technique in our proposed method. However, the phase is not necessary to retrieved, and the differentiation operation is evitable. . A matching sleeve is used to connect the in-line polarizer and the PMF. Due to the polarized angular misalignment between the polarizer and the PMF, polarization coupling is caused at the input of the PMF. The analyzer is rotatable, and the rotation angle is optimized to increase the fringe visibility [17] . As the modulation period in interferogram varies along with the OPD between two modes in PMF, a movable mirror in the Michelson interferometer can be adjusted to measurement of different length PMFs [18] . In this experiment, a 395.5 m PANDA PMF was tested. Fig. 3(a) shows a recorded interferogram of the fiber normalized by maximum. Note that the interferogram was equidistantly sampled in the wavelength domain, which was from 1270 nm to 1370 nm with total sampling number N equal to 1001. The numerical processing started with a cubic spline interpolate algorithm to recalculate a regularly spaced interferogram in the angular frequency domain [9] , from 1375.9 THz (1370 nm) to 1484.2 THz (1270 nm).
Experimental Results and Discussion
Then Fourier transform was applied to the recalculated frequency-dependent interferogram, the result is shown in Fig. 3(b) . The bilateral peaks centered at AE2.5 ps represent the two interference terms. A correct filter to extract one of the peaks should include the GD bandwidth and exclude the noise as well. As seen in Fig. 3(b) , the noise spread across the whole time domain and is noticeable especially around the peak. It is difficult to find a criterion for selecting the most correct filter. Three ideal filters were adopted as examples. Filter 1 and Filter 2 are centered at the right peak at 2.5 ps with width of 1.9 ps and 3.3 ps, respectively. Filter 3 is from 0.4 ps to 29 ps. Filter 3 can be seen as only excluding the non-interference peak. 29 ps is the Nyquist limit of GD, calculated as ð2Þ=ð2Á!Þ, where Á! is the recalculated sampling interval. These filters are all ideal filters. For example, for Filter 1, the GD from 1.55 ps to 3.45 ps are preserved, whereas the GD from À29 ps to 1.55 ps and from 3.45 ps to 29 ps are completely excluded. This filter is realized in a simple program, where all the intensities of GD from 1.55 ps to 3.45 ps are multiplied by 1, whereas other intensities are multiplied by zero.
For each filter, an inverse Fourier transform is following to derive interference term Ið! k Þ ðk ¼ 1; 2; 3; . . . ; NÞ. CPF can be calculated in the discrete form expressed as [15] CPð! n ; TÞ ¼ X
At every frequency point, a nest loop program was applied to calculate the CPF with respect to T and search for the maximum of CPF magnitude. From (10), we can see that more cycles would be executed to achieve a higher resolution of GDD measurement, which will consume more time. There is a compromise between the resolution of T and the costing time. In order to reduce the number of cycles and the costing time, the maximization is implemented with a "coarse" search from À0:06 ps 2 to þ0:06 ps 2 with resolution of 1000 fs 2 , followed by a "refined" search with resolution of 25 fs 2 , followed by a "re-refined" search with final resolution of 1 fs 2 . The total costing time is 25 s for the total 1001 wavelength points (running in Matlab 2011b with Intel Xeon CPU E3-1225 V2 @ 3.20 GHz), whereas direct search from À0:06 ps 2 to þ0:06 ps 2 with resolution of 1 fs 2 will take more than 10 minutes on the computer. Fig. 4 shows the CPF magnitude images from the "coarse" search for the three filters respectively. The x-axis has been converted back to wavelength domain. The measured GDD from the final "re-refined" search is superimposed as a red curve in each CPF magnitude image.
During the procedure, phase retrieval and differentiation operation are avoided. Close-view of the three GDD read from the ridges are depicted in one figure; see Fig. 5(a) . As a comparison, GDD from second-order differentiation of the phases are shown in Fig. 5(b) for the three filters respectively. Because a third-order polynomial curve fitting is applied to the phase before the differentiation, the measured GDD from differentiation are linear with respect to the frequency. It can be seen GDD from ridge of CPF is more unambiguous when different filters are adopted, although slightly prone to noise out of the 3-dB bandwidth. For Filter 3, the CDD can be calculated from (9), which is illustrated in Fig. 6 . Moreover, a linear fitting with respect to frequency is adjusted to the GDD from CPF. The third order dispersion (third-order differentiation of the relative phase) can be calculated as À8:97 Â 10 À41 s 3 . Filters centered at the interference peak with different width values are adopted to analyze the same interferogram. The measured GDD at center wavelength changes along with the width, see Fig. 7 . The center wavelength GDD from CPF is almost unaltered when the width value varies from 1 ps to 4.8 ps. However the GDD from differentiation varies irregularly, it can merely be relatively accurate in the range from 2.5 ps to 4.2 ps, which has only half breadth of the range from 1 ps to 4.8 ps. This demonstrates that our proposed method can provide GDD less sensitive to the filter choice. To illustrate the versatility, another interferogram of a 168.4 m PMF is analyzed. The interference peaks are centered at AE2.3 ps in the GD domain, and the measured GDD at center wavelength are also depicted in Fig. 7 , with respect to filter width. As long as the filter includes most of the GD band and excludes most of the non-interference band, which is from 0.5 ps to 4.5 ps for this interferogram, our proposed method can derive more precise and unambiguous GDD than differentiation operations.
In fact, phase retrieved from the argument of the calculated interference term can be expressed as ' r ð!Þ ¼ 'ð!Þ þ E ð!Þ, where 'ð!Þ is the true spectral phase of the PMF, E ð!Þ is the error of the phase retrieval, which is determined by the error in the calculated interference term. E ð!Þ is minimized at the center wavelength and becomes higher further from the center wavelength because the signal-to-noise ratio (SNR) in the interference term is maximized at the center wavelength. A fitting polynomial of ' r ð!Þ is expected to be as close as 'ð!Þ. However, the E ð!Þ around the center wavelength and the E ð!Þ further from the center wavelength have the same influence on the fitting. Consequently, the quadratic and higher order coefficients of the fitting polynomial, which are proportional to the GDD, are imprecise even around the center wavelength. In other words, the error around the center wavelength is enlarged after the fitting. As the error varies along with the filter of interference term calculation, the measured GDD from phase retrieval and differentiation is sensitive to the filter choice.
In the CPF algorithm, phase retrieval and differentiation operation can be completely avoided. From (10), we can see that the local intensity is taken into account when GDD at a certain wavelength is evaluated. The measured GDD around the center wavelength is principally impacted by the error in the interference term around the center wavelength instead of further from the center wavelength. With different filter parameters adopted, the error changes but the SNR still remains high around the center wavelength. Thus, the CPF algorithm can provide precise GDD which is less sensitive to the filter parameters, especially in the full width at half maximum (FWHM) of the spectrum (approximately from 1300 nm to 1340 nm in our experiment).
Additionally, the GDD and the CDD of the 395.5 m fiber have been measured 20 times via CPF under unchanged experimental conditions and unchanged algorithm parameters (Filter 3 is adopted). As comparison, other two algorithms are performed to process the same 20 interferograms. The first is FT technique to retrieve phase (Filter 3 is adopted), along with third-order polynomial fitting to the phase and a second-order differentiation to measure GDD [14] . The second is wavelet transform (WT) technique to directly measure GD [12] (Gabor wavelet with a shaping factor of 4 [13] ), along with second-order polynomial fitting to the GD and a differentiation to measure GDD. The standard deviation (SD) of the GDD from the three algorithms is depicted in Fig. 8 (FT and WT on the left, and CPF on the right). The SD of GDD from CPF is less than 0.0002 ps 2 from 1300 nm to 1340 nm and less than 0.0001 ps 2 at center wavelength, whereas the SD of GDD from FT and WT has a minimum of about 0.001 ps 2 in the spectrum. Without phase retrieval and differentiation operation, CPF appears to be more precise than FT and WT algorithms in the measurement of GDD. This verifies the validity and superiority of the CPF algorithm. Moreover, the SD of CDD from CPF is also less than 0.5 fs=ðkm Á nmÞ around the center wavelength, which is better than a temporal method we had proposed before [19] .
The processing time of the FT, WT and CPF are approximately 40 ms, 5 s and 25 s, respectively, for the total 1001 wavelength points in the spectrum. The time of FT algorithm is so less because discrete FT is applied via its fast algorithm, i.e., the fast FT (FFT). CPF seems to show no advantage in the time consuming. However, we can reduce the costing time if we need to measure the GDD of less wavelength points. For example, if we only need to measure the GDD at center wavelength, the processing time will be reduced to about 33 ms, while the time of FT and WT don't change because the phase and the GD should be calculated in the entire spectrum in order to perform the next differentiation operation.
In some application, the spectral phase is more suitable to fit as a higher-order polynomial [8] , a CPF is not enough that a higher phase function (HPF) [20] needs to be employed, to ensure the precision of the GDD measurement. For complicated dispersion material such as chirped mirror [12] and multilayer mirror [21] , because it is not suitable to regard the phase as a polynomial, CPF and HPF are futile to measure the GDD.
Conclusion
In conclusion, a PMF GDD measurement method from a spectral interferogram is proposed. The interferogram is obtained from our simple spectral interferometry system. The interference term is calculated from the interferogram by FT technique. The GDD can then be directly read from the ridge of the CPF of the interference term. The CDD can also be calculated from the GDD.
Our proposed method has merits of high resolution of 1 fs 2 with processing time of 25 s for 1001 wavelength points. If we only need to measure the GDD at center wavelength, the processing time will be reduced to about 33 ms. Unlike the previous technique, this measurement procedure can be achieved without phase retrieval and differentiation operation. Therefore, the results are insensitive to the filter. This method also shows a robust repetition with a CDD measuring deviation of 0.5 fs=ðkm Á nmÞ around the center wavelength. This research is also useful in characterizations of dispersion measurement of other optical components.
